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In a recent work we derived the kinematic Hamiltonian and primary constraints of the
new general relativity class of teleparallel gravity theories and showed that these theories
can be grouped in 9 classes, based on the presence or absence of primary constraints in
their Hamiltonian. Here we demonstrate an alternative approach towards this result, by
using differential forms instead of tensor components throughout the calculation. We
prove that also this alternative derivation yields the same results and show how they are
related to each other.
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1. Introduction
We recently derived the kinematic Hamiltonian and primary constraints of new
general relativity
1
using the language of tensor components.
2, 3
For two particu-
lar examples from this class of theories, a toy model
4
as well as the teleparallel
equivalent of general relativity,
5, 6
the Hamiltonian has also been derived using dif-
ferential forms. Here we demonstrate how the kinematic Hamiltonian and primary
constraints are derived in this latter formalism in the general case.
2. Geometric setting
We assume a globally hyperbolic spacetime manifold M ≅ R × Σ, on which the
dynamical fields are given by the coframe θ
a
∈ Ω
1(M) with a = 0, . . . , 3 and spin
connection ω
a
b ∈ Ω
1(M). They define the metric g and the torsion Ta via
g = ηabθ
a
⊗ θ
b
, T
a
= Dθ
a
= dθ
a
+ ω
a
b ∧ θ
b
. (1)
Further, we denote by ea the frame dual to θ
a
, so that ea ⨼ θ
b
= δ
b
a, and by ⋆ the
Hodge star of g. Note that we use bold symbols to denote objects defined on M .
Together with the projectors t ∶ M → R and s ∶ M → Σ we define the time
translation vector field ∂t such that it satisfies ∂t ⨼ dt = 1 and s∗∂t = 0. It allows
1
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us to decompose the coframe, and any other differential form on M , in the form
θ
a
= θˆ
a
dt + θ⃗
a
, θˆ
a
= ∂t ⨼ θ
a
, ∂t ⨼ θ⃗
a
= 0 . (2)
We denote the pullbacks of θˆ
a
and θ⃗
a
to Σ by θˆ
a
and θ⃗
a
, i.e., we use non-bold font
for objects defined on Σ. The latter defines the metric and musical isomorphisms
q = ηabθ⃗
a
⊗ θ⃗
b
, τ
♯
= q
−1(⋅, τ) , ζ♭ = q(⋅, ζ) (3)
for one-forms τ and vector fields ζ. Writing ∗ for the hodge star of q, we define
ξ
a
= −
1
6
η
ae
ǫebcd ∗ (θ⃗b ∧ θ⃗c ∧ θ⃗d) , θˆa = αξa + β ⨼ θ⃗a , (4)
where the lapse function α and shift vector field β are uniquely defined from the
latter equation, which expands θˆ
a
in the basis spanned by ξ
a
and θ⃗
a
. Finally, we
use q and ξ
a
to decompose any one-form σa into irreducible components
⊗
σa =
1
3
q
−1(θ⃗b, σb)θ⃗a , ⊖σa = 1
2
[q−1(θ⃗a, θ⃗b)σb − q−1(θ⃗a, σb)θ⃗b] ,
⊕
σa =
1
2
[q−1(θ⃗a, θ⃗b)σb + q−1(θ⃗a, σb)θ⃗b] − 1
3
q
−1(θ⃗b, σb)θ⃗a , ⊙σa = −ξaξbσb , (5)
which satisfy σa =
⊗
σa +
⊖
σa +
⊕
σa +
⊙
σa.
3. Kinematic Hamiltonian of new general relativity
The action of new general relativity
1
can be written in the form
S[θa,ωab] = ∫
M
L = ∫
M
(CTT a ∧ ⋆T a + CV Va ∧ ⋆Va + CAAa ∧ ⋆Aa) . (6)
Here CT , CV , CA are free constants, and the torsion components are given by
V
a
=
1
3
θ
a
∧ (eb⨼Tb) , Aa = 1
3
η
ab
eb⨼ (ηcdθc∧Td) , T a = Ta−Va−Aa . (7)
From now on we will work in the Weitzenböck gauge ω
a
b ≡ 0, without loss of
generality.
7
In order to derive the Hamiltonian, we first write the Lagrangian in the
form L = dt ∧ Lˆ, where the pullback Lˆ of the spatial part Lˆ is given by
Lˆ =
2CT + CV
3
{αdθ⃗a ∧ ∗dθ⃗a − 1α [ ˙θ⃗a − d(αξa) − £β θ⃗a] ∧ ∗ [ ˙θ⃗a − d(αξa) − £β θ⃗a]}
+
CT − CV
3
[α(dθ⃗a ∧ θ⃗b) ∧ ∗(dθ⃗b ∧ θ⃗a)− 1α ( ˙θ⃗a ∧ θ⃗b +Eab) ∧ ∗ ( ˙θ⃗b ∧ θ⃗a +Eba)]
+
CA − CT
3
[α(dθ⃗a ∧ θ⃗a) ∧ ∗(dθ⃗b ∧ θ⃗b) − 1α ( ˙θ⃗a ∧ θ⃗a + Eaa) ∧ ∗ ( ˙θ⃗b ∧ θ⃗b +Ebb)] .
(8)
Here dots denote time derivatives, and we used the abbreviation
E
b
a = −d(αξb) ∧ θ⃗a + αξadθ⃗b − (£β θ⃗b) ∧ θ⃗a . (9)
Note that there are no time derivatives of the temporal part θˆ
a
of the tetrad,
or equivalently the lapse α and shift β. The next step is to derive the canonical
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momenta pa conjugate to the spatial tetrad components θ⃗
a
. Varying the Lagrangian
with respect to the velocities
˙
θ⃗
a
and using the relation δθ˙Lˆ = δ
˙
θ⃗
a
∧ pa we find
pa = −
2
3α
{(2CT + CV ) ∗ [ ˙θ⃗a − d(αξa) − £β θ⃗a]
+ (CT − CV )θ⃗b ∧ ∗ ( ˙θ⃗b ∧ θ⃗a +Eba) + (CA − CT )θ⃗a ∧ ∗ ( ˙θ⃗b ∧ θ⃗b + Ebb) } . (10)
To invert the relation between velocities v
a
≡
˙
θ⃗
a
and momenta, we split the momenta
in the form α∗pa = sa−πa into a part πa linear in the velocities and sa independent
of the velocities. These are given by
πa =
2
3
[(2CT + CV )va − (CT − CV )θ⃗♯b ⨼ (vb ∧ θ⃗a) − (CA − CT )θ⃗♯a ⨼ (vb ∧ θ⃗b)]
(11)
and
sa =
2
3
{(2CT + CV ) [d(αξa) + £β θ⃗a] + (CT − CV )θ⃗♯b ⨼Eba + (CA − CT )θ⃗♯a ⨼Ebb} .
(12)
By applying the irreducible decomposition (5), one finds the relations
⊙
πa =
2
3
(2CT + CV )⊙va , ⊖πa = 2
3
(2CA + CT )⊖va , ⊕πa = 2CT⊕va , ⊗πa = 2CV ⊗va .
(13)
Note that depending on the vanishing or non-vanishing of the constant factors the
terms πa vanish, giving rise to another primary constraint, or do not vanish, and
contribute to the momenta.
2, 3
The kinematic Hamiltonian Hˆ0 = v
a
∧pa− Lˆ is then
given by
Hˆ0 =
CA − CT
3
α [ξaξbdθ⃗a ∧ ∗dθ⃗b − dθ⃗a ∧ θa ∧ ∗(dθ⃗b ∧ θb)] − CTαdθ⃗a ∧ ∗dθ⃗a
+
CT − CV
3
α(θ⃗♯a ⨼ dθ⃗a) ∧ ∗(θ⃗♯b ⨼ dθ⃗b) − (αξa + β ⨼ θ⃗a)dpa − dθ⃗a ∧ (β ⨼ pa)
+ Hˆ0[⊙p] + Hˆ0[⊖p] + Hˆ0[⊕p] + Hˆ0[⊗p]+ d [(αξa + β ⨼ θ⃗a)pa] . (14)
Here the last term is a total derivative and hence does not contribute to the dy-
namics. The remaining terms in the last line depend on the presence or absence of
constraints and read
Hˆ0[⊗p] = {0 for CV = 0 ,
− α
4CV
⊗
ca ∧ ∗
⊗
c
a
otherwise,
Hˆ0[⊕p] = {0 for CT = 0 ,
− α
4CT
⊕
ca ∧ ∗
⊕
c
a
otherwise,
Hˆ0[⊖p] =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 for 2CA + CT = 0 ,
− 3α
4(2CA+CT )
⊖
ca ∧ ∗
⊖
c
a
otherwise,
(15)
Hˆ0[⊙p] =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 for 2CT + CV = 0 ,
− 3α
4(2CT+CV )
⊙
ca ∧ ∗
⊙
c
a
otherwise,
July 22, 2019 0:28 WSPC/INSTRUCTION FILE friedmann
4 Manuel Hohmann
where we used the abbreviations
⊙
ca = ∗
⊙
pa −
2
3
(CT − CV )ξaθ⃗♯b ⨼ dθ⃗b , ⊕ca = ∗⊕pa ,
⊖
ca = ∗
⊖
pa −
2
3
(CA − CT )θ⃗♯a ⨼ (θ⃗b ∧ dξb) , ⊗ca = ∗⊗pa . (16)
Note that the result is linear in lapse α and shift β, so that these quantities are
Lagrange multipliers, corresponding to primary constraints arising from diffeomor-
phism invariance of the theory. If any of the constant factors in the relations (13)
vanishes, additional constraints appear, which force the corresponding term (16) to
vanish. This reproduces our result derived using tensor components.
2, 3
4. Conclusion
We have derived the kinematic Hamiltonian and primary constraints of new general
relativity in the language of differential forms. Our result agrees with the result of
a previous calculation performed using tensor components.
2, 3
This consolidates our
result, which is an important step towards counting the degrees of freedom in these
theories. The latter will be achieved after deriving the constraint algebra, as it has
been done for the teleparallel equivalent of general relativity.
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